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Abstract. In this paper, we study the ranges of (absolute value) cosine trans- 
forms for which we give a proof for an extended surjectivity theorem by mak- 
ing applications of the Fredholm's theorem in integral equations, and show 
a Hermitian characterization theorem for complex Minkowski metrics on C™. 
Moreover, we parametrize the Grassmannian in an elementary linear algebra 
approach, and give a characterization on the image of the (absolute value) co- 
sine transform on the space of distributions on the Grassmannian Gr '2(C 2 ), by 
computing the coefficients in the Legendre series expansion of distributions. 



1. On the Fredholm Theory in Integral Equations 

Integral equations as different looks from differential equations appear in math- 
ematical physics and fluid mechanics (see for instance [5]) and other fields. A 
groundbreaking work in the theory of integral equation was done by Fredholm, [2] , 
in 1903. The following is one of his main theorems on the existence of solutions to 
Fredholm integral equations of the second kind 

Theorem 1.1. Let K(x, y) and ,f(x) be real valued functions, A € K and K(x, y) € 
L 2 ([a, b] 2 ). Then there exist solutions to the Fredholm integral equation of the second 
kind 

\<j>(x) - f K{x,y)cp(y)dy = f(x) (1.1) 

J a 

if and only if f{x) satisfies 

b 

tf;(x)f(x)dx = (1.2) 
for any solution ip(x) to the homogeneous integral equation 

M{y)~ [ i>(y)K(x,y)dx = 0. (1.3) 

J a 

As for solving integral equations, it is not hard to solve Fredholm integral equa- 
tions with separable variables, for that and some other types of integral equations 
one can see [T] . One can also use Fourier on convolution to express solution explic- 
itly if the integral in (|l.ip is a convolution. 
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2. On [7(1) x {/(I)-Invariant Complex Finsler Metrics and 
£7(1) x J7(1)-Orbits of Gr 2 (C 2 ) 

Given a complex Finsler space (C 2 , F), where F is a complex Finsler metric. One 
of the main topics in integral geometry is to find the Crofton measures for Finsler 
metrics. However, there is an important class of Finsler metrics, £7(1) x £7(1) 
invariant complex ones. 

If F is a £7(1) x £7(1) invariant complex Finsler metric, then 

F := ^|(R X {o})e(Rx{o}) (2-1) 

is a Finsler metric on R 2 . Conversely, one can extend a Finsler metric on R 2 to get 
a £7(1) x £7(1) invariant complex Finsler metric on C 2 . 

For the Crofton measure of £7(1) x £7(1) of invariant complex Finsler metric, we 
have the following 

Theorem 2.1 (Invariance property of Crofton measure). The Crofton measure for 
£7(1) x £7(1) invariant complex Finsler metric F on C 2 is £7(1) x £7(1) invariant. 

Proof. Let /i be the Crofton measure for the £7(1) x £7(1) invariant complex Finsler 
metric F on C 2 and d[i = /(£i, £2, ii)d£,id£,2dri 1 then for any (z,w) € S 3 , then we 
have F[z,w) = F{e l ^ 1 z,e i ^w) for any (e*,e i& ) G £7(1) x £7(1). 
On one hand, 



F[z,w) = J 27r J Q 27r J 27r |cos(^i -Ci)cost? + cos(6 -6)sinr7| 

•/ (£1, £,2,il)d£id£, 2 dri 

On the other hand, we know for any (z,w)=(e^ 1 cos fj,e 1 ^ 2 smfj)G S 3 , 

F[z,w) = | 27r | 27r J 27r |cos(fi - £1 - £i)cos?/ + cos(£ 2 - 6 - I2) sin 77 1 

= Jo * So* Jo* I cos (^ - Ci ) cos 77 + cos(6 - 6 - I2) sin t]\ 

•/(6+6,6 + 6^Kirf6^ 

(2-3) 

by change of variables. Using the injectivity theorem of cosine transform, Proposi- 
tion 3.4.12 in [3], from F(z,w) = F (e^ 1 z , e^ 2 w) we have 

/Ki.&,»?) = /(ei+li,6+6,»?) (2-4) 

for any a, 6 G [0,2tt]. □ 

Since the function / is independent of £1 and £2 by the invariance of the complex 
norm under £7(1) x £7(1) action, so it can be denoted as f[rj). 

In the next, we consider the action of torus £7(1) x £7(1) on the space of real 
2-planes in the complex plane, Gr2(C 2 ). The following proposition about the orbits 
of torus action was proposed by Joe Fu, but here we provide a proof with linear 
algebra flavor 

Proposition 2.2 (Orbits parametrization of the Grassmannian). The orbits of 
Gt"2(C 2 ) acted by torus actions can be parametrized as 

{span R ((cos^sinVO, (V^cos(6» + V), V^Tsin^ + ip))) : [6,1/3) G [0, |] 2 | . 

(2.5) 



(2.2) 
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Since a torus action preserves the argument differences of each component of any 
two vectors in C 2 , so to prove Proposition 12. 2\ it suffices to show the following 

Lemma 2.3. For any plane P G Gr 2 (C 2 ), either there exist some (zq, Wq) G P\{0} 
and r, s £ R such that (y/—lrzQ, ^/—Iswq) € P, in other words, 



P = spanudzo^o), (V^lrzo, V^-Tswq)), 



(2.6) 



or there exists a pair of vectors {z\, w\), (z2, W2) S P \ {0} such that z\W2 — Z2W\ = 
0. 

Remark 2.4. We call the vector (z , u> ) a quasi- J-characteristic vector of the plane 
P . In particular, every non-zero vector in a complex line L in C 2 is a quasi- J- 
characteristic vector of L. 

Let T 2 := {span R ((z, 0), (0, to)) : z,w G U(l)} = 17(1) x [7(1), then in fact the 
latter part of the conclusion in Lemma 12.31 is derived from the planes in T 2 . For 
planes which are not in T 2 , we need to show that they generate the former part of 
the conclusion in Lemma 12.31 which is geometrically equivalent to 

Lemma 2.5 (Intersection lemma). For any P <E Gr2(C 2 ) \ T 2 , there exist r, s € R 
such that dim(P r:S (1 P) > where P r>s := {(V - lrz, y/—lsw) : (z,w) E P\. 

Proof. Let P = span M ((z\, toi), (z 2 , w 2 )) € Gr 2 (C 2 ) \ T 2 , and z { = Xj + \/^ly t 
and Wi — Ui + y/—lv% for i = 1,2. Using the determinants of block matrices by 
partitioning a matrix, one can obtain that 



det 



I xx yi u x vx \ 

X 2 J/2 U 2 V 2 

—ryi rx\ —sv\ su\ 

\ —ryi rx 2 -sv 2 su 2 J 



Ar 2 + Brs + Cs 2 



(2.7) 



for some A, B, C € R with A = -C = det(M u )det(M 2 2) where M n 



x 2 2/2 



and M22 



Therefore, there exist r, s € R and either r or s is not 



— V\ U\ 

-v 2 u 2 

0, such that the determinant (|2.7[) is identical to 0. It follows that 



P®Pr 



span R ((zi,wi),(z2,W2),(V 3 T» , zi,V^Tswi),(V^Trz2, V^Tsu> 2 )) C C , 

(2.8) 



and then we have dim(P r>s n P) > by the inclusion-exclusion principle. 



□ 



Thus we have shown Lemma 12.31 Furthermore, one can choose appropriate 
(0,ip) € [0, -|] 2 such that spari^ { (cos sin ip), (y/— lcos(0 + ip),*J— lsin(0 + ^))) 
and P are on the same orbit of Gr2(C 2 ) acted by torus actions. So we have finished 
the proof for Proposition! 



3. A Surjectivity Theorem 

We want to extend the surjectivity theorem on the cosine transform to func- 
tions which are not even differentiable away from zero by making applications of 
Fredholm's theorem on integral equations. 
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Theorem 3.1 (Surjectivity theorem ). For any U(l) x U(l) -invariant function 
F : C 2 — > R with homogeneity of magnitude, there is some function f on S n , such 
that 

f{-)= f (3.1) 

Js 3 

Proof. Let 

K(r},fj) := / / I cos(£i - £1) cosrycos?/ + cos(£ 2 - I2) sin i] sin rjld^d^ (3.2) 
Jo Jo 

because the double integral is independent of £1 and £2- Considering the integral 
equation 

r 2ir 

K(r ) ,fj)f( V )dr ] = F(i 1 ), (3.3) 





and applying Theorem II. II to it, we know that there exists some f(rj) satisfying 
integral equation (|3.3|) . □ 

In the theory of convex bodies, [7], the support function of the unit ball in a 
Minkowski space is actually the metric function, and the ball is called a generalized 
zonoid if its support function is in the range of cosine transform on the functions 
on S 3 . Hence we have the following 

Corollary 3.2. The unit ball of any complex Minkowski plane (C 2 , F) with U(l) x 
U (1) -invariant complex Minkowski metric F is a generalized zonoid. 

Remark 3.3. To apply the integral equation theory, one does not need any smooth- 
ness condition on the metric. However, the approach of integral equation theory 
can not be generalized to Minkowski metric on R" for any n, in which the unit ball 
could be not a generalized zonoid, for example, the octahedron, as pointed out by 
Joe Fu, in R 3 with I 1 metric. 

4. On a Complex Minkowski Metric To Be Hermitian on C™ 

From the perspective of complex integral geometry, the following theorem on a 
characterization of complex Minkowski metric C™ to be Hermitian is established 

Theorem 4.1 (Characterization of Hermitian metric). Suppose that (C n ,F) is a 
complex Minkowski space. Then the Holmes- Thompson valuation, that is extended 
from the Holmes- Thompson area on (C n ,F), restricted on CP™ -1 is in the range 
of the cosine transform on C(CP n_1 ) if and only if the complex Minkowski metric 
F is Hermitian. 

Proof. For any fixed complex line L 6 CP"" 1 , let U be the rectangle spanned by 
v := (21, • • • , z n ) G L and \J — lv £ L. Since F is J7(l)-invariant on L, then the 
Holmes-Thompson area of U is 

HT 2 (U) = F 2 (v). (4.1) 
On the other hand, for any complex line L :— spanc(e) € CP"" 1 where e := 
(zi, ■ ■ ■ ,z n ) £ C" with |e| = (Y%=i \^?f /2 = 1 > we know that 

area(Tr-(U)) - I del ( Re (( v ^k) Im({v,e) C ) \ , 
area[7T L {U)) - \ det I _ Jm({v> g)c) # e (( W) g) c ) J 1 (4.2) 
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in which (v,e)c is the complex inner product, and area(jri(U)) is independent of 
the choice of unit vector e in L. 

If HT 2 is in the range of cosine transform on C(CP™ _1 ), then there exists some 
function / : CP™" 1 ->■ E, such that 

area(n L (U))f(L)dL = F 2 {v). (4.3) 

JCP"" 1 

Since CP™ -1 = S^^/Uil), then by g^]) we have 

Jcpn-i area(w L (U))f(L)dL = f<p n -i /u(1) I (v, e) c \ 2 f(e)de . (4.4) 
Written in terms of components of e and v, 

/ cpn _ 1 area(n L (U))f(L)dL = f S 2n-i /u(1) E?=i \z t z t f f(e)de 

= Js2«-i/u(i)T,lj=iZiZiZjZjf(e)de (4.5) 
= Ei,j=i Is 2 "- 1 /u(i) ZiZjf(e)de. 

Let fey := J s j»-um 1 ] ZiZjf(e)de, then ft,^ = /i^ since /(e) e K. Thus it follows 
from (|4.3p that F 2 (u) = E™j=i hij z iZj is Hermitian. 

Conversely, one can see, by the fact that {ziiij : i, j = 1, • • • n\ are linearly inde- 
pendent in the Hilbert space L 2 (S 2n ~ l /U(l)) and 

F|cp»-i G C^P"- 1 ) c L^S^Vf (1)). ( 4 - 6 ) 
that if F is Hermitian then the Holmes-Thompson valuation restricted on CP n_1 
is in the range of the cosine transform on C(CP n_1 ) . □ 

Remark 4.2. Form the proof of Theorem 14. 11 we know that the range of the cosine 
transform on C(CP" _1 ) is finite dimensional. 

5. Revolutions of Spheres and Torus Actions 

We have shown the following 

Proposition 5.1. The orbits of Gr2(C 2 ) acted by torus actions can be parametrized 
as 

jspan E ((cos^,sin?/0, (v^cos^ + VO, V^sin^ + ip))) : (9,tp) G [°>^] 2 } • 

(5.1) 

Gluck and Warner in [5] gave an isomorphism from GrJ(R 4 ) to S 2 x S 2 in (|5.3p . 
that is expressed explicitly by 

t(vi A v 2 ) := (^(vi A v 2 + (ui A z^)- 1 ), Ad 2 - («i A Ua)" 1 )), (5-2) 

in which {y\, v 2 } is an orthonormal basis of the plane spanned by them in Gr^ (M 4 ) 
and (vi Av2j here denotes the wedge of the orthonormal basis of the complement 
of v\ Av 2 , and so we have the Cartesian product decomposition 

Gr+(K 4 ) S S 2 x S 2 . (5.3) 

In [3], Goodey and Howard described the bases 

6+ = — (eiAe 2 +e 3 Ae 4 ), 6j = — (e 2 Ae 3 -e 2 Ae 4 ), fcf = — (e x Ae 4 +e 2 Ae 3 ), (^2) 

(5.4) 
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and 

v^J v^2~ 
bi = — (eiAe2-e 3 Ae 4 ), = — (ei Ae 3 +e 2 Ae 4 ), 63" = — (ei Ae 4 -e 2 Ae 3 ), JS3]) 

(5.5) 

where {ei, e 2 , e 3 , e 4 } is the basis for K 4 , for the components A+(K 4 ) and A?_(IR 4 ) 
respectively in the vector space decomposition 

A 2 (R 4 ) = A+(R 4 ) © A 2 _(M 4 ). (5.6) 

In C 2 , we set {ei, e%, e 3 , e 4 } to be a basis of C 2 such that (z,w) = Re{z)e\ + 
Im(z)e2 + i?e(u>)e 3 + 7ro(w;)e 4 for any (z, w) 6 C 2 . Thus, we can identify the orbit 
space (|5.ip with a subspace of S 2 x S 2 , and it turns out that 

Lemma 5.2. The orbit space (15. ip is m i/ie quotient space of the Cartesian product 
S 1 x S* 1 by identifying antipodal points, where the circles S 1 are the equators of the 
spheres S 2 with b\ and b% as north poles in (|5.3D . 

Proof. Let 

Pe,ip '■= span^((cosijj, sin ip), (\/— Tcos(# + -\/^Tsin(# + -0))) (5.7) 

in the orbit space (|5.1[) . Then from (|5.2p the first component of i(Pg^), denoted 
by Li(P e ,4,), is 

t>i(Pe,ili) = ^(cosipei + smipe 3 ) A (cos(9 + ip) e 2 + sin(9 + ip)ei) 

+ ^p(simp e% — cos V> e 3 ) A (sin(0 + ip) e 2 — cos(# 4- tp) e 4 ) /,. g% 
= ^ cos 0(ei A e 2 + e 3 A e 4 ) + ^ sin #(e 4 A e 4 + e 2 A e 3 ) 
= cos 9bl + sin fog" , 

and analogously the second component of i(Pg^), denoted by t2(Pe,ip)> is 

i*(Pe,1>) = cos(2V> + 6») 6i + sin(2^ + 0) 6jf. (5.9) 

Hence ti(Pe i ^ l ) and t 2 (Pg j ^,) don't have &^ or b^ component, then the claim follows. 

□ 

When acting 2-planes in Gr 2 (C 2 ) by torus actions, we have 

Lemma 5.3. The torus action of a 2-plane in Gr 2 (C 2 ) is a revolution along the 
axes bf and b^[ on the component spheres S 2 in (|5 .3[) . 

Proof. Let Pg'^ be the 2-plane obtained from a torus action (e v/ ~ 1_a , e v/ ~ 1 ~' 3 ) on the 
2-plane Pe,tp, (|5.7p . then 

P^P = S pan R {{cos ^e^ a , sin ip e /=1 ^),V-i{e^ :la cos((94», sm(9+^))). 

(5.10) 

f \-L „„„ u „„ 

span R ((sm %ji e^", - cos ^ e V ^ T/3 ), ( e v ^ T(a+ ^ ) sin(6> + e^ 1 ^'^ cos(6» + V))) 

(5.11 

p»,f 



and it orthogonal complement plane (Pg'£)^~ can be expressed as 



Therefore, applying the map (|5.2|) to Pg'£, we get the first component of c(Pg'£), 



i*i(Pq^) = ^(cos^ei A e 2 — sin#sin(a + j3) e\ A e 3 + sin0cos(a + /?) e\ A e 4 
+ sin cos(a + /3) e 2 A e 3 + sin sin(a + 0) e 2 A e 4 + cos e 3 A e 4 ) 
= cos 9b^ — sin 6> sin(a + /3) frj + sin 9 cos(a + /3) 63 , 

(5.12) 
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and the second component of tiPglp), 

l 2 (P$) = coB(2V + 0)&r-sk(2^ + 0)sia(a-i8)&J 

+ sin(2V> + 6>) cos(a - /3) ^ 1 ' ' 

Thus we can see that the claim follows from the expressions of t>i(Pg'J}) and ^{Pg'l ) 

in fS~T2f and (|5TT5|) . ' □ 

One can parametrize the two spheres by 



£(x,0i) := — x 2 cos 0i, yl — a; 2 sin 0i , x) (5-14) 

and 



V(v,h) (V l -y 2 cos 02, Vl-^sin02,y)- (5.15) 
In [Ij , Goodey and Howard characterized the kernel of general cosine transform 

C(f)(P) := f \(P,Q)\f(Q)dQ (5.16) 

J QeGr 2 (K 4 ) 



by Legendre polynomials 



1 tf 



Pn (a;) = — - — (x 2 -l) n . (5.17) 



However, if / is aW(l) x ^/(l)-invariant function on Gr2(C 2 ), then it is independent 
of 0i and 02. We have 

Theorem 5.4. The kernel of cosine transform 

CrifW) ■= I \(P,Q)\f(Q)dQ, (5.18) 

JQeGr 2 (C 2 ) 

in which f € L 2 (Gr2(C 2 )) is torus invariant, is 

^2 c m , n p m (cos0)p„(cos(2V> + 8)) > , (5.19) 

m — n even,\m — n\ > 2 

in which {9, tp) are the parameters of the orbit in (|5.ip that Q belongs to. 

Proof. From the expressions (|5.12J) and (|5.13|) , we know that x = cos 9 and y — 
cos(2'0 + 9) in (|5.14p and (|5.15|) . On the other hand, we also know that the kernel 
of cosine transform (|7.4[) is exactly the sum of functions p m (x)p n (y) , the product 
of Legendre polynomials, for m — n even and \m — n\ > 3. So the claim follows. □ 

From Theorem 15.41 we know that the cosine transform annihilates the pieces 
of p m (sind)p n (sia(2ip + #)), |m — n| > 3, in the Legendre series expansions of 
functions in L 2 (Gr2(C 2 )), and it follows from from the self-adjoint property of the 
cosine tranaform operator that 

Corollary 5.5. The image of cosine transform 

Cr{f){P) ■= [ \(P,Q)\f(Q)dQ, (5.20) 

JQeGr 2 (C 2 ) 
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in which f G L 2 (Gr2{C 2 )) is torus invariant, is the space of torus invariant con- 
tinuous functions on Gr 2(C 2 ) which are not in (|5.19j) . in other words, 



im(C T ) = { c m ^p m {cos9)p n {cos{2ip + 9))) . (5.21) 

m — n\ = or2 



6. On the Volume of a Convex Body of Mokowski sum 

Now we consider HT 4 (K + y/— IK) for a convex body K in a plane P in Gr2(C 2 ). 
First, we know that there is a function / on Gr2(C 2 ) such that 

HT A (K + V^IK) = f(P)HT 2 (K) 2 , (6.1) 

for any convex body K C P G Gr 2 (C 2 ). Furthermore, /(F) = for all P G CP 1 . 
In general, by the property of Euclidean volumes, we know that 

m - (K r in 7pw ^ 

(Kl HT 2(P)y 

where c = "^J 4 ( gl^ for the unit ball Bp of (C 2 , F) is a constant with respect to P 

and KIht 2 is the Klain function of the Holmes-Thompson area, HT 2 . 

In the next, we are going to compute the cosine transform to get the Klain 
function of the Holmes-Thompson area, HT 2 . First, the projection area of a square 
E spanned by (cosi/'o, sin^o) and (y 7 — 1 cos(#o + ipo), V~ 1 sin(6 l o + ipa)) from one 
plane, 

Pe ,^ ■= span R ((cos -00, sin V>o), (v^lcos(6> + 0o), \/^Tsin(6>o + 0o))) (6.3) 
in (|5.ip to another arbitrary plane 

P»jl ■= span R ((e la cos 0, e l/9 sin^), (V^e** cos(6 + ip), V=le if) sin(0 + V))) (6.4) 
is 

■Kp^^E) := |((cos-0 o , sin^o), (e M cos0, e 1 ^ sin?/'))R 

■(\/^T(cos0o,sin0o),v / -T(e m cos0, e 4/3 sin </>)) K g\ 



T(cos c/>o, sin 0o), (e IQ cos V', e l/3 sini/;))i 
■ ((cos 0o , sin ip ) , v /II T(e M cos (f>, e lP sin 0) ) R | 

for 4>o '■= 6q + 0o a n d + 0. By spherical harmonics, there exists a Crofton 

measure for any complex Finsler metric under some smoothness condition, and we 
have shown the following 

Proposition 6.1. The Crofton measure for hi (1) xU(l) invariant complex Finsler 
metric F on C 2 is Li{\) x IA{\) invariant. 

Furthermore, one can obtain U(l) x U(l) invariant Crofton measure for HT 2 
from the one for the metric. 
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7. The Cosine Transform of the Complex I 1 Space's Singular Measure 

Let us consider the case of complex I for the Kain function of HT 2 . As we 
know, the Crofton measure zi for HT 2 is induced from the intersection map 

7T : Gr 3 (R 4 ) x Gr 3 (M 4 ) \ A -> Gr 2 (R 4 ), (7.1) 

and indeed 

M = <5{Cx{0}} + %0}xC} + ( 7 - 2 ) 

where At is the uniform measure on 

T := {span(v, w) : v G C x {0} , w £ {0} x C} . (7.3) 
Applying the cosine transform, 

CtU){p) = f QeGr2(c2) \{P,Q)\d»(Q) 

= |(F,Cx{0})| + |(P,{0}xC)| + ^/ QeT |(P,Q)MA T (Q). { ' A} 

Let 

P = spanw{{cosip, sin-0), (\/^Tcos(# + ip), \/— Tsin(0 + ip))) (7.5) 

and 

Q = span R (e^ Tx ,0),(0,e v=Iy ), (7.6) 

then 

\(P,C x {0})| = \cos(9 + <ip)cosip\, (7.7) 

| (P, {0} x C) | = | sin(0 + ip) sin ip\ (7.8) 

and 

1 := Jqgt \{ p iQ)\ d *r(Q) = / O 27r / O 27r |cos'0sin(e' + V')cosxsin 2 / _ g . 

+ sin?/cos(# + ip) sin a; cos y\dxdy. 

Thus, we have 

Cr(f)(P) = \ cos(0 + ip) cos ip\ + |sm(0 + V>)smV>| 

f^ n / Q 27r | cosipsin(9 + ?/?) cos a; sin y (7-10) 
+ sin?/ cos(0 + ip) sin a; cos y\dxdy. 

Example 7.1. If P = C X {0} or {0} x C, then we know that P is a Euclidean 
2-plane, so the Klain function of HT 2 at P is 1. On the other hand, we also 
get Cf(f)(P) = 1 from the right hand side of (|7.4|) ; If P is a complex line, 
span^( (cos -0, sin?/'), V - l(cos ?/>, simp))), then P is still a Euclidean 2-plane. By 
(fTTTUj) we have 

Cr(/)(P) = cos 2 ip + sin 2 i/> + 2| cos ip simp | = (| cos -01 + |sin?/|) 2 . (7.11) 

On the other hand, the rectangle spanned by (cos?/;, sin?/;) and \f— l(cos ip, sin ip) 
has Holmes Thompson area (| cosip\ + | sin?/|) 2 and so is its Klain function at P. 

The double integral (|7.9p can be transformed into an elliptic integral, 
1 = 4 J 27r y/ cos 2 ip sin 2 (9 + ip) — sin 9 sin(# + 2ip) sin 2 xdx 
= 4 cos?/ sin(fl + V) J 2 " 7 1 - - o' s "^y+ti) sim^dx. 
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Assume 9 + 2ip < it and let k 2 — co"^""^^ 2 ^) , then by the series expansion of the 
incomplete elliptic integral of the second kind, 



/ = 4cosVsin(0 + V)i £~ =oT 4 



2m 



2 

m 

1 N 2 



(7.13) 



So we have 



Kl HT 2(P) = --L/ + | cos -0 cos(6> + V>) I + I sin -0 sin(6> + VO | 
+max(| cos0|, | cos(2<0 + 0)|) 



I(sin(^ + 20) + sin^)E^oT^( J J \2vZll2%™ 

(7.14) 



8. The Picture on the Two Spheres 

In this section, we are going to describe the cosine transform of the torus in- 
variant I space's singular measure in terms of the picture of Gluck and Warner's 
decomposition of the Grassmannian Gr2(R 4 ), (|5.3|) . and Goody and Howard's ker- 
nel characterization in [1] . 

First, we can find the following correspondences under the isomorphism (|5.2[) in 
terms of the spherical coordinates (|5.14|) and (|5.15p : C x {0} corresponds to (0, 0, 1) 
on the first sphere S+ and (0,0, 1)) on the second sphere S^_, {0} x C to (0,0, 1) 
on the first sphere and (0,0, —1)) on the second sphere S 12 ., and the torus T in 
(|7.3|) to the torus S\_ x Sl_ , where Si and Si are equators of S 2 . and whose 
and bi components in (15.41) and (15.51) are zeros. 

For any fixed point (£(x, 0), rj(y, 0)) € x S?_ representing a plane P in the 
orbit of Gr2(M. ) acted by torus actions, then we have 

|(P,Q)| = 1(^,0) 7^,0 )), (e(Q,0i ),r ? (Q,0 2 ))) | 
= | cos 0i Vl — a; 2 + cos 02 \A — y 2 \ 

for any (£(0, 0i), ?y(0, 02 )) G S+ x Si representing a plane Q in torus T in (|7.3[) . So 
the integral in (|7.9[) appears as 

/•2-7T n2ir 

I' := / | cos 0x V 1 - x 2 + cos 2 V 1 - V 2 |#i ^02 (8.2) 

in this picture. 

Moreover, by iHTHjl and (|5"35]) . 

|(P,Cx{0})| = |x + y| (8.3) 

and 

|(P,{0}xC)| = |x-y|, (8.4) 

and then 

|(P,C x {0})| + |(P,{0} x C)| = 2max(\x\, \y\). (8.5) 
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So the Klain function of HT 2 can be also expressed as 

KIht 2 (P) = t~ / / I cos 0i vl - x 2 + cos 02 \/l - y 2 \d(j> 1 dcj) 2 + 2max(\x\, \y\) 
47r Jo Jo 

(8.6) 

for any (^(x,0),r](y,0)) eS 2 + xS 2 _. 

The term maa;(|a;|, \y\) can be expanded as a Legendre series in ascending total 
degree of the Legendre polynomial of x and y, 

max(\x\,\y\) = § + ^(p 2 (x) + p 2 {y)) - ^p 2 (x)p 2 (y) , g ^ 

Furthermore, it is not hard to rigorously show that man; (\x\, \y\) has only the com- 
ponents of p m (x)p n (y), in which m and n are even and \m — n| = or 2, in its 
Legendre series expansion. By Lemma 3.4 in [JJ, 

,1 ,i 

y \x + y\p m {x)p n (y)dxdy = (8.8) 

for m and n even and \m — n\ = or 2, and by substitution 
■1 r i /.l /-l 

\x + y\Pm{x)p n {y)dxdy = I / \x - y\p m (x)p n {y)dxdy (8.9) 



-1 7-17-1 

for m and n even, Therefore, 
.1 ,i 

/ max(\x\,\y\)p m (x)p n (y)dxdy = (8.10) 
'-1 i-i 

for m and n even and |m — Til = or 2. 



To evaluate ()8.2p . we let sin0 := yl — x 2 , sin0 := ^/l — y 2 , 0i := a — /3 and 
02 := a + /3, then 

I' = J„ w J„ w | sin cos 0i + sin cos 02 1 d0i d02 
= J Q J Q | sin6 l sin0i + sin0sin02|d0i<i02 

= 2 f Q 27r f o 27r | S in i±2 cos ^ sin a cos /3 + cos £±2 sin ^ cos a sin /3\dad/3, 

(8-11) 

which becomes the double integral (17. 9p if we let 4> := 2ip + 9, which can be trans- 
formed into the elliptic integral (|7.12J) and furthermore the series (|7.13p . which by 
back-substitution turns out to be 

2 



\ \ 2 2 "V(1-^)"'(1-^)- 



2m \ m J (VT^+y'i-v 2 ) 2 



Z^m=0 l-2m ^ m y (v / T^+VT : V) 2m - 1 ' 

(8.12) 

9. A CHARACTERIZATION OF THE KLAIN FUNCTION 

However, we can give a characterization of the Klain function as the following 

Theorem 9.1. The Klain function of the second Holmes-Thompson valuation in 
complex I 1 space is 

^2 c k jp 2k (x)p 2 i(y) (9.1) 

\k-l\ = Oorl 
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for some cu,i £ K. 

To prove the above theorem, let's show the following lemma first. 

Lemma 9.2. The cosine transform is a self-adjoint operator on the space of torus 
invariant functions 

T := {/ : Gr 2 (C 2 ) -> E : / is U(l) x U(l) -invariant) (9.2) 
Proof. By Fubini's theorem, 

(C T (f),g) = f PeGr2ic2) g(P)(J QeGr2{c2) \(P,Q)\f(Q)dQ)dP 

= f Q eGr 2 ( C 2 } f(Q)(fpeGr 2 (ci)\( p ,Q)\9(P)dP)dQ (9.3) 
= (LCr(g)) 

for any f,g eJ. □ 

Remark 9.3. The claim holds more generally for the space of all functions on 
Gr 2(C 2 ) and furthermore distributions. 

Now let's prove Theorem 19. II 

Proof. First we know that ker(C^-) is orthogonal to Im{Cf), because, by (|9.3|) . 
(f,Cr{g)) = for any / G ker(C T ) and any g G J 7 . 

On the other hand, by Lemma 3.3 in [3], we know that p m {x)p n {y) £ keriC-y) 
for to — n even and |m — n\ > 2, and since KIjjt 2 G ^ to (Ct)j hence 

(iffflT»,Pm(a:)Pn(v)> = (9.4) 

for m ~ n even and |m — n| > 2, moreover, KIjjt 2 is an even function, thus it 
follows that KIjjt 2 has only the components of p m (x)p n (y) for to and n even and 
|to — n\ — or 2 in its Legendre polynomial expansion. □ 



of S\ x S^l, S s i xS i on S} x S 2 , which can be expanded as a series in terms of 



2^k=0 Z^=0 (p 2k (x),p 2k (x))(p 2l (y),p 2l (y))i )2k y- L ){' 2i yy) 

EZoEZo (4fc+ r +1) f 7 ) ( 7 W*)^(y)- 



Remark 9.4. The double integral (|8.2|) is the cosine transform of the delta function 

?1 ^ Cl A ^ > ™ Q2 v <?2 

Legendre polynomials 

%xsi(^,2/) = S(x)S(y) 

P2k(0)P2l(0) 

[y] . - 

!! i \ fc 2 ) ( z 2 

(9.5) 

Basically, the cosine transform annihilates the components of P2h{^)P2l{y) i > 
1 in (|9.5[) . and maps the components of P2k( x )P2i(y), \k — l\ = or 1, to those 
components, in other words, the cosine transform has an invariant subspace 

G ■= I ^2 c k,lP2k(x)P2l(y) ■ Ck,l 6t> . (9.6) 

[ \k-l\ =0orl J 

More generally, the proof for Theorem HQ] works for any distribution on Gr 2 (C 2 ), 
so we have the following 

Theorem 9.5 (Image of cosine transform on distributions). The image of the 
cosine transform on the space D'(Gr 2 (C 2 )) that consists of torus invariant distri- 
butions on Gr 2 (C 2 ) is the space G in (|9.6p . 

Acknowledgement. Thanks to Joe Fu for illuminating discussions and suggestions. 
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